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Abstract. Given a biometric feature-space, in this paper we present a
method to predict cumulative match characteristic (CMC) curve perfor-
mance for a large population of individuals using a significantly smaller
population to make the prediction. This is achieved by mathematically
modelling the CMC curve. For a given biometric technique that extracts
measurements of individuals to be used for identification, the CMC curve
shows the probability of recognizing that individual within a database of
measurements that are extracted from multiple individuals. As the num-
ber of individuals in the database increase, the probabilities displayed
on the CMC curve decrease, which indicate the decreasing ability of the
biometric technique to recognize individuals. Our mathematical model
replicates this effect, and allows us to predict the identification perfor-
mance of a technique as more individuals are added without physically
needing to extract measurements from more individuals.

1 Introduction

For a particular biometric technique, identifying a person can be split into two
problems: verification and recognition [4]. Verification implies that the system
is trying to confirm that you are who you say you are, and recognition refers to
a system that is trying to determine who you are. The verification problem is
considered to be the easier of the two problems. A verification system has only
to take a sample measurement (a measurable feature of identity) of the subject
and compare it against the known identity of the person they are claiming to
be. This is an one-to-one matching problem; whereas, the recognition task is an
one-to-many matching problem, which is a much harder problem in comparison.
A recognition system must compare the sample measurement against an entire
database of known identities, to determine who the sample belongs to.

In this paper, we are concerned with evaluating the ability of a biometric
technique to recognize individuals. To evaluate performance in the recognition
paradigm, a cumulative match characteristic (CMC) curve [6] is employed. A
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CMC curve shows various probabilities of recognizing an individual depending
on how similar their biometric measurements are to other individuals’ biometric
measurements. The goal of this paper is to mathematically model the CMC curve
for a feature-space of biometric measurements, and then use that model (using
a small subset of the feature-space to estimate the parameters of the model) to
predict CMC curves for larger groups of individuals without actually needing
more individuals to calculate the results.

In the following sections, we explain the meaning of a CMC curve, and derive
a mathematical model of the CMC curve. Finally, we show experimentally that
this model can generate a CMC curve, and is able to predict the recognition
results as the number of individuals increases.

2 Meaning of a CMC Curve

Before we discuss what a CMC curve is, we first introduce the notion of gallery
and probe sets that are used in this paper. A gallery is a set of ID templates (in
the form of feature vectors/data points), representing individuals in a database.
Each individual has only one data point in the gallery, so if there are N indi-
viduals, then the size of the gallery is N. These gallery data-points are used
to recognize unknown feature-vectors, where the unknown feature vectors come
from a probe set. The feature vectors in the probe set have a corresponding ID
template in the gallery, and each individual may have more than one data point
in the probe set.

In general, a CMC curve is transparent to the underline feature space of
measurements and the technique used to compute the similarity between mea-
surements. However, this work is predicated on knowing the feature space and
computing similarity between measurements using a Lonorm or Mahalanobis
distance. With this in mind, to create a CMC curve, first the distance (Lynorm
or Mahalanobis) between the probe data-points and the gallery data-points are
computed. Second, for each probe data-point a rank ordering of all the data-
points in the gallery is sorted from the data-point with the closest distance to
the furthest distance. Last, the percentage of time a probe data-point’s corre-
sponding gallery data-point is within rank n (between 1 and n, where ne[l, NJ])
is computed.

A point to note about a CMC curve is that as the number of subjects in-
creases, the percentage of time a probe vector’s corresponding gallery vector is
between 1 and n is lower as N increases. For example, a CMC curve with 50
individuals may have a curve with the rank 1 percentage being 81%; however, if
N increases to 100 individuals, then the CMC curve rank 1 percentage is 71%".
This means that as the number of individuals to be recognized increase, the abil-
ity to exactly recognize them decrease. With this in mind, for a given biometric
technique with any number of subjects, the CMC curve is always lower with a
greater number of subjects.

! These results were generated using synthetic data with the following parameters:
dimension = 1, o7 = 10000, & o7 =1
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3 Mathematical Model of a CMC Curve

To model the CMC curve mathematically, we begin with some terminology. A
target is an individual that we are trying to recognize, and an imposter is any
individual that is not the target. Also, the term (target’s or imposter’s) template
refers to a data point in the gallery set, and the term (target’s or imposter’s)
measurement refers to a data point in the probe set.

We now define the random variable vs to be the distance between a target’s
measurement and its template qs, with density ps(v). We also define another
random variable v to be the distance between a target’s measurement and an
imposter’s template gy, with density p2 (v).

We assume that a target’s or an imposter’s template qs/, was generated
from a d-dimensional Gaussian-density, referred to as the population density.
The single Gaussian assumption is made for simplicity; however, this assumption
may be replaced with a mixture of Gaussians, parzen windows, or an appropriate
density that fits the actual data. With the appropriate density, similar steps to
ones presented in this work may be followed to model the CMC curve.

Next, the measurement variation of the template is modelled as a d-dimensional
Gaussian-density, p;(x) = N(qs/n, X;) (data points from this density are in the
probe set), referred to as the individual variation (or individual density). Also, a
pivotal assumption we make about the densities is that the individual variation
is much smaller than the population variation.

In order to simplify the model, we make the requirement that the individual
density, p;(x) = N(Qs/n, X), has a spherical covariance-matrix with variance o;
in each dimension. If X; is not spherical, then each population (gallery) feature
vector needs to be scaled per dimension by the corresponding standard deviation
from X, each dimension in X; must be normalized to unity, and the off diagonal
terms of X, are set to zero®. Also, a new X, needs to be computed for the
population distribution.

Next, since p; is represented by single Gaussian, the distance density ps(v) can
be represented by the square root of the x? (chi-square) density, with normalized

2
density parameter y? = Z;l:l % [3], and vs = /X2, resulting in

,U(d—l) —?

_ 2012
ps(v) = ggz(d/2—1)f(d/2)e ’ (1)

where the symbol I" in the denominator is the gamma function.

We now need to derive the probability that a target’s measurement is within
some distance k of an imposter’s template q,, namely fok pd(v)dv. Since the
individual variation is much smaller than the population variation, this proba-
bility is merely the volume of a d-dimensional hypersphere with radius k times

2 Setting the off diagonal terms to zero is plausible because we assume that the indi-
vidual variation is due to measurement noise, so it should be independent.
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the probability p,(gn):
k
Alan k) = [ ()0 = py(an) - Vi k. @)
0

where

Va 72 /(d/2)! d even

— 9dp(d-1)/2 ((d—;!)/Z)! d odd.

If we compute the distance between a target’s measurement and all templates
and rank the templates by their distances, (given that a target’s measurement
is a distance k away from its template qs) we define the probability that the
target’s template is exactly rank n to be a binomial probability distribution [5],

B(Ra Qx5 k) = ngll(A*)R_l(l - A*)N_R’ (3>

where

N-1_ (v -1)!
Crot = (R—1!(N - R)!’

R is rank, N is the number of subjects, and A* is probability that the a target’s
measurement is less than or equal to a distance k from an imposter’s ID template.

Since the probability of A* is not exactly known, we approximate it with the
probability that a target’s measurement is within some distance k of a particular
imposter’s template q, (see Equation 2), and Equation 3 becomes

B(R, an, k) = C~ A(an, k)71 (1 = A(an, k) 7. ()

Next we integrate over all possible distances k, which a target’s measurement
may be at from its template

/ B(R, o, K)ps (),
0

and since we approximated A* for a particular imposter’s template qy, we inte-
grate over all possible imposter’s templates

400 [e%s}
CMC*(R=n) :/ pp(qn)/0 B(R, qn, k)ps(k)dkdg,. (5)

—00

Finally, the probability that a probe data-point’s corresponding gallery data-
point is within rank n is

CMC(R) = P(R < n) = zn: CMC*(R = i). (6)
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To solve Equation 5, numerical integration techniques [2] are used. We note
that Equation 5 has multiple integrals over the population density. As the dimen-
sionality of the population increases, the number of integrations also increases.
As the number of integrations increases, the computational complexity of inte-
grating Equation 5 increases. In the Appendix, we derive a simplified version
of Equation 5 that approximates the equation and eliminates the multiple inte-
gral term. We note that the simplified version slightly under estimates the CMC
curve at the lower ranks and slightly over estimates at the higher ranks. In the
following experiments, the first more actuate formalization of the CMC model
is used, unless otherwise stated.

4 Experimental Evaluation

Finally, we demonstrate the ability of Equation 6 to predict CMC curves. We
first demonstrate its use on synthetically generated data, and secondly on actual
data from our gait-recognition technique [1].

4.1 Synthetic Data

For the synthetic data, we generate a gallery of templates from a population
Gaussian distribution, p,(x) = N(0,X),). We use each template as the mean
of an individual-variation Gaussian distribution, p;(x) = N(u;, X;), to generate
the probe set.

The features of the two Gaussian distributions are independent and all di-
mensions have the same variance, o2 = 100 and o7 = 1. We show results for
dimensional feature-spaces 1 to 3. We compare the predicted and directly calcu-
lated CMC curves (mean value of 30 simulations) for 50 and 2000 individuals.
Tables 1 and 2 show results for P(R < n) where n = 1,2, 3,4. For Table 2, the
predicted CMC values were computed using only a 100 of the 2000 individuals?.
This was done to show that a small number of individuals (100 for this case)
can be used to predict the CMC results for a larger number of individuals.

Table 1. Predicted (PRE) and directly calculated (CAL) cumulative match charac-
teristic values for 50 subjects, for synthetic data.

P(R=1) P(R<2) P(R<3) P(R<4)

d| CAL [PRE| CAL [PRE| CAL [PRE| CAL [PRE
1] 29.9% [30.4%| 50.8% [51.1%| 65.7% [66.1%] 76.7% [76.9%
2| 81.5% [81.3%| 95.8% [95.7%| 99.0% [98.9%| 99.7% [99.7%
3] 97.6% [97.2%| 99.9% [99.9%| 100% [100%| 100% [100%

3 The 100 individuals are used to estimate X, and %;
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Table 2. Predicted (PRE) and directly calculated (CAL) cumulative match charac-
teristic values for 2000 subjects, for synthetic data.

P(R=1) P(R<2) P(R <3) P(R<4)
d| CAL [PRE| CAL [PRE|[ CAL [PRE| CAL [PRE
1 14% [1.8%| 25% [29%] 3.7% [4.0%] 48% [5.0%
2| 15.7% [154%| 26.3% [25.9%| 34.7% [34.1%| 41.3% [40.9%
3] 57.7% [56.2%| 76.8% [75.2%| 85.9% [84.5%| 90.9% [89.7%

4.2 Gait Data

Our gait data set is comprised of a set of static body parameters designed for
gait recognition from our previous work [1]. While we measure these parameters
from video sequences, we also recovered a baseline set of static body parameters
from motion-capture data, which we will examine for this paper.

The static body parameters recovered from our motion-capture database, of
walking subjects, are four distances: the distance between the head and foot (d;),
the distance between the head and pelvis (ds), the distance between the foot and
pelvis (d3), and the distance between the left foot and right foot (d4). These dis-
tances are only measured at the maximal separation point of the feet during the
double support phase of the gait cycle. Twenty subjects were captured six times
yielding a total of 120 instances of each static body parameter. We concatenate
the four static body parameters to form a walk vector, w =< dy,ds,ds, dy >.

In order to compute the directly calculated and predicted CMC curves, the
mean of the six data-points from each subject is used as the templates for the
gallery set. The original six data points are used to create six probe set. Each
probe set contains one data point per subject. We note that the X; of our gait
data did not follow our spherical requirement, so we used the method presented
in Section 3 to normalize the data set to satisfy the spherical requirement. Also,
the predicted values were calculated using the simplified model of the CMC
curve (see Appendix) to show the ability of the simplified model to predict
CMC behavior.

Table 3 shows the results of the directly calculated CMC curve and the
predicted CMC curve (for P(R < n) where n = 1,2,3,4). The value of the
directly calculated CMC curve is the mean value of the six probe sets with the
standard deviation from the mean. The results show that our predicted CMC
values are within the standard deviation of the directly calculated CMC curve.
In addition, Table 4 is another example of using our CMC model to predict
CMC results for subject that are not contain in a database. The table shows
predicted values of a CMC curve if 100 subjects were in our gait database using
the original 20 subjects to make the calculation.

Tables 1, 2, and 3 show that our model of the CMC curve closely predicts the
actual values of the directly calculated curves. From the synthetic data we see
that our model is able to predict results at 50 subjects and at 2000 subjects. Our
model of the CMC curve only depends on knowing the feature-space’s dimen-
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teristic values for 20 subjects, for our gait-recognition data.

P(R=1)

P(R<2)

P(R<3)

P(R<4)

CAL

| PRE

CAL

| PRE

CAL

|[PRE

CAL

|[PRE

(w[94.2% £ 4%]92.1%]99.2% + 2%[99.1%[100% + 0%][100%]100% % 0%][100%)]

Table 4. Predicted (PRE) cumulative match characteristic values for 100 subjects, for
our gait-recognition data.

| [P(R=1[P(R <2)[P(R<3)[P(R<4)]
w] 71.8% | 89.8% [ 95.7% | 98.0% |

sion, population variance, and individual variance. If we are able to accurately
estimate the population and individual density from a small set of subjects, then
we can predict the CMC curve for a larger set of subject, as demonstrated in
Tables 2 and 4.

5 Conclusion

In this paper we have presented a mathematical formulation of the cumulative
match characteristic (CMC) curve given a feature space of biometric measure-
ments. Under our assumptions, we have shown that this mathematical model
has the ability to mirror a directly calculated CMC curve for a given num-
ber of subjects, and most importantly, it is able to predict CMC curves for a
greater number of individuals than which a database actually has. This ability
was demonstrated by synthetically generated data and actual gait data from our
gait-recognition method.

6 Future Work

As mentioned earlier in the paper, this work is predicated on using the feature
space of the biometric technique and the Lonorm or Mahalanobis distance to
compute similarity within the feature space to model the CMC curve. However,
there are a wide range of biometric techniques that do not have an actual feature
space, and similarity is computed with a variety of techniques. In our future
work we aim to address the possibility of creating a CMC model using only the
similarity scores. This will make the CMC model more general, and remove the
need to accurately model the feature-space.
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Appendix: Simplified CMC Model

In this appendix, we simplify Equation 5 by removing the multiple integral term.
This is accomplished by approximating the probability A*, in Equation 3, to be
the expected value of the probability that the measurement of a target’s template
is within some distance k of any imposter’s template qy, (see Equation 2), so A*
becomes

+oo
A A = [ pylan)Alan by ()
where 4
B Vg k
A(k) - 2d/2(27r)d/2|2p|1/2' (8>

Equation 3 now becomes
B(R. k) = CNZLA(R) (1 — A(k))N P (9)

If we integrate over all possible distances k, which a target’s measurement may
be at from its template, the probability that the target’s template is exactly
rank n is

CMC™(R =n) = /  B(R, K)pa(k)dk, (10)
0

which is an approximation of Equation 5. Finally, the probability that a probe
data-point’s corresponding gallery data-point is within rank n is

n
CMC(R)=P(R<n)=)» CMC*™(R=1). (11)
i=1
Because Equation 11 was created by approximating the probability A*, it will

tend to slightly under estimate the CMC curve at lower ranks and slightly over
estimate the CMC curve at higher ranks.



